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Abstract. We consider the generalization of the Navier-Stokes equations from Rn to the Riemann-
ian manifolds. There are inequivalent formulations of the Navier-Stokes equations on manifolds due
to the different possibilities for the Laplacian operator acting on vector fields on a Riemannian man-
ifold. We present several distinct arguments that indicate that the form of the equations proposed
by Ebin and Marsden in 1970 should be adopted as the correct generalization of the Navier-Stokes
to the Riemannian manifolds.
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2 CHAN, CZUBAK, AND DISCONZI
1. Introduction
The Navier Stokes equations are one of the fundamental equations of fluid mechanics. They play
an important role in aerodynamics, geophysics, meteorology, and engineering. On Rn the equations
are given by
∂tu−∆u+ u · ∇u+∇p = 0,
div u = 0,
(N-SRn)
where u : Rn+1 → Rn is the velocity of the fluid, p : Rn+1 → R is the pressure, div u = 0 means the
fluid is incompressible, and we set the coefficient of viscosity to unity.
Following the seminal work of Arnold [1], the study of the inviscid version of equations (N-SRn),
namely the Euler equations, in the setting of Riemannian manifolds, has spurred a great deal of
activity and interplay between analysis and geometry. The reader is referred to the monograph [2]
and references therein for an overview of the subject.
To the best of our knowledge, the first paper to present a systematic analysis of the Navier-Stokes
equations on the Riemannian manifolds is the work of Ebin and Marsden [15]. That work has been
followed by a number of works in [3, 5, 6, 7, 8, 11, 20, 21, 27, 29, 30, 31, 35, 36, 42, 44, 48].
When one moves from the Euclidean setting to Riemannian manifolds, the first question is how
to write the equations. As numerous as the above works are, they do not all employ the same set
of equations. Hence it seems natural to inquire what the correct form of the equations should be.
For the case of other important equations in physics and engineering, such as Euler or Maxwell
equations, the passage from Rn to a Riemannian manifold is more or less straightforward. This is
because such equations are obtained as critical points of an action functional that can be naturally
defined on a manifold, such as, for instance, the total energy in the case of the Euler equations.
The Navier-Stokes equations, however, do not come from an action, and thus it is not immediately
clear how to define them on a manifold.
One could argue that the equation should be generalized directly from (N-SRn) upon interpreting
each term by its corresponding analogue on manifolds. For instance, u ·∇u is simply the directional
derivative of u in the direction of u, thus it should be generalized to ∇uu, where∇ is the Levi-Civita
connection associated with the metric. Then we face the question how to interpret the viscosity
operator, namely the Laplacian, −∆.
The first object that might come to mind upon hearing the words Riemannian manifold and
Laplacian is the Laplace-Beltrami operator
div grad =
1√
|g|
∂xi(
√
|g|gij∂xj ),
where |g| denotes the determinant of the metric g = (gij) written in local coordinates {x
i}. However,
this operator acts on scalar valued functions. Meanwhile, a solution of the Navier-Stokes equation
is a vector field. Hence, the Laplace-Beltrami operator cannot be applied here. Moreover, since we
are considering vector fields, there are actually several candidates for the choice of the Laplacian
on a Riemannian manifold.
To begin with, if one likes to think about the Laplacian as the div grad operator, then the natural
generalization of the Laplace-Beltrami operator to vector fields is the Bochner Laplacian
div∇ = −∇∗∇,
where ∇ denotes the Levi-Civita connection on (M,g), and ∇∗ is the adjoint operator associated
to ∇. In local coordinates, we can write
div∇ = ∇i∇i = g
ij∇j∇i.
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When u is a vector field on R3, the Laplacian of u can be expressed as
(grad div+ curl curl)u.
Now, when u is a vector field on a Riemannian manifold, then using the metric, we can obtain a
unique 1−form α associated to u. (In local coordinates, if u = ui∂xi , then α = giju
jdxi.) The
analog of the above expression becomes
−(dd∗ + d∗d)α,
which is the Hodge Laplacian acting on α. Here d∗ is the formal adjoint of the exterior differential
operator d.
The Bochner Laplacian and the Hodge Laplacian do coincide on Rn, but in general, they are not
the same. They are related by the Bochner-Weitzenbo¨ck formula (see, e.g., [43, Ch. 17, Sect. 4])
∇∗∇ = dd∗ + d∗d− Ric, (1.1)
where Ric is the Ricci curvature. So in the particular case of Rn, where Ric ≡ 0, we can see that
these operators do indeed coincide.
There is another operator that can be considered on a Riemannian manifold. In fact, in their
1970 article [15], Ebin and Marsden indicated that when writing the Navier-Stokes equation on an
Einstein manifold, the ordinary Laplacian should be replaced by the following operator
2Def∗Def ,
where Def is the deformation tensor, and Def∗ is its adjoint (see section 2). The deformation tensor
can be thought of as a symmetrization of the connection, and in the coordinates we can write it as
(Def u)ij =
1
2
(∇iuj +∇jui). (1.2)
Since 2Def∗Def = 2div Def, a direct computation using (1.1) and a Ricci identity gives
2Def∗Def = dd∗ + d∗d+ dd∗ − 2Ric . (1.3)
Then adopting (1.3) and using that u is divergence free, so d∗u = 0, the Navier-Stokes equations
read
∂tu+∇uu−∆Hu− 2Ric(u) + dp = 0,
d∗u = 0,
(N-SRiem)
where ∆H = −(dd
∗ + d∗d) and (Ric(u))i = Ricij u
j. (Here, we identify the vector field u = ui∂xi ,
with the 1-form α = giju
jdxi, and denote both simply by u.)
The purpose of this article is to provide further evidence of why one should use the deformation
tensor when studying the Navier-Stokes equations on Riemannian manifolds, i.e., that equation
(N-SRiem) should be adopted. We also would like to extend the discussion from Einstein manifolds
to all general Riemannian manifolds. We provide the following distinct arguments. The first is
based on an energy estimate. We show that if the Hodge-Laplacian is adopted, then an a priori
energy estimate for solutions is not possible. Since energy estimates are the cornerstone of the
existence theory for (N-SRn), it seems adequate to seek generalizations to manifolds that preserve
such important tool. This is done in section 3.
The second argument is based on the non-relativistic limit of the relativistic Navier-Stokes equa-
tions. While the relativistic formulation of the Navier-Stokes equations is also open to debate, we
show that the known proposals in the literature all lead to same equations based on (1.2) in the
non-relativistic limit. This is done in section 4. Finally, we show that the matter cannot be settled
by considering the restriction of (N-SRn) to submanifolds of R
n, despite the intuitive appeal of such
procedure. This is done in section 5.
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We begin by taking a closer look at the deformation tensor, section 2, where we also analyze
more conceptual arguments that come up in the derivation of the Navier-Stokes equations that go
back to the aforementioned work of Ebin and Marsden and also Serrin [39].
2. The deformation tensor
We introduced the deformation tensor as
(Def u)ij =
1
2
(∇iuj +∇jui),
where ∇i denoted the covariant derivatives. On the Euclidean space they reduce to just regular
derivatives. Moreover the deformation tensor can make an explicit appearance in the Euclidean
Navier Stokes equation if we recall the equation’s meaning.
To see that, the Navier Stokes equation is the equation of conservation of momentum for an
incompressible fluid. As mathematicians, we are used to seeing it as written in (N-SRn), but
engineers often write it as
∂tu+ u · ∇u = −∇p+∆u, (2.1)
or in a more general way
∂tu+ u · ∇u = f + div T, (2.2)
which we now explain. The equation (2.2) might be viewed more natural physically, because
it explicitly breaks down the equation in the parts written in the conservation of momentum,
equivalently in Newton’s 2nd Law, well-known as
F = ma,
i.e., force equals mass times acceleration. The left hand side in (2.2) comes from ma, and the right
hand side denotes all the forces acting on the fluid. These consist of volume and surface forces.
Volume forces act on all elements of the volume of a continuum, and gravity is an example of a
volume force. We can denote the volume force per unit mass of the fluid by vector valued function
f .
Next, the surface forces are what eventually can produce the deformation tensor, which in turn
gives us the Laplacian. First, the surface force acts on a surface element to which we assume we can
assign a unit normal n. Then, the surface force, as a force is also a vector, and its i’th component
can be written as Tijnj, where T is the stress tensor (see for example [4], and where we sum over
repeated indices). So if we consider a part of a fluid with volume V and enclosed by a surface S,
the total surface force acting on S is given by∫
S
TijnjdS =
∫
V
∂jTijdV
where the equality holds by the divergence theorem. So this is how we get (2.2) for fluids with
constant density, but what constitutes the stress tensor T ? For fluid at rest or also for perfect
fluid, only normal stresses are exerted, and we have Tij = −pδij, where p is the pressure, δij is the
kronecker delta, and gives the familiar ∇p in the equation. Now, for fluids in motion or non-perfect
fluids, we also have tangential stresses, which for isotropic fluids arrive with the additional term in
Tij , which can be shown to be
2νDij −
2
3
ν div uδij ,
where Dij = (Def u)ij is the deformation tensor,
1
2(∂jui + ∂iuj), and ν is the viscosity coefficient
(again see [4]). Then for an incompressible fluid we are just left with
ν(∂jui + ∂iuj),
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and after we take divergence as in (2.2) we get exactly
ν∆u.
Now, the first in-depth study of the Navier-Stokes equations on the Riemannian manifolds was
carried out by Ebin and Marsden [15]. There, the authors point out that the deformation tensor
should be adopted when writing the equations on manifolds. They further assume that the man-
ifold was Einstein, stressing that the physical assumptions in the derivation of the Navier-Stokes
equations may not be satisfied when the manifold is not Einstein.
Ebin and Marsden refer to the derivation of the Navier-Stokes equations given by Serrin [39].
There, following Stokes, it is assumed that the stress-tensor T satisfies the following properties (see
section 59 of [39]):
1. T is a continuous function of the deformation tensor Def, and is independent of all other
kinematic quantities.
2. T does not depend explicitly on the spatial position (spatial homogeneity).
3. There is no preferred direction in space (isotropy).
4. When Def = 0, T reduces to −pI, where p is the pressure and I the identity matrix.
It is not clear how one would assure 2 and 3 on a general manifold. In fact, in his discussion of the
Navier-Stokes in curvilinear coordinates (section 13), Serrin remarks that, on a general manifold,
it is not “evident how to formulate the principle of conservation of momentum.” However, right
after such comments, he argues that “there seems to be no valid objection to taking Eq. (12.3) as
a postulate.” Equation (12.3) in question involves the divergence of the stress tensor, and it gives
(N-SRiem) if T satisfies 1 and 4 above along with the remaining assumption used by Serrin in the
derivation of the equations (such as, for instance, that T is linear in Def, see again section 59 of
[39]).
The above considerations also highlight a point that is sometimes obscured when the equations
are written as in (N-SRn), namely, that it is the stress-tensor and the deformation tensor, and not
the Laplacian, that are of direct physical significance in the modeling that leads to (N-SRn). This
naturally suggests that T and Def should again be the primary objects one considers on a manifold.
We finish this section remarking that there is yet further evidence that (N-SRiem) should be
adopted, which is when boundary conditions are introduced. Indeed, Shkoller has showed in [40]
that it is the formulation of the equations in terms of Def that is naturally associated with the
Dirchlet and Neumann boundary conditions for the fluid.
3. Counterexample to an energy estimate
We motivate the discussion by looking at the Euclidean setting. Let Ω to be a bounded domain
with smooth boundary in R3, and consider the Cauchy problem for the following linear Stokes
equation on [0, T ] × Ω, {
∂tv −∆v +∇P = f,
div v = 0.
(3.1)
One usually employs the following function space in the classical theory of weak solutions to (3.1):
V (Ω) = Λ1c,σ(Ω)
‖·‖
H1(Ω) ,
where Λ1c,σ(Ω) stands for the space of all smooth, divergence free, compactly supported vector fields
on Ω. Since Ω is bounded, we use the typical convention ‖φ‖H1(Ω) = ‖∇φ‖L2(Ω) for the H
1-norm.
To specify the admissible class of finite energy, divergence free initial data for the Cauchy problem
associated to (3.1), we use
H(Ω) = Λ1c,σ(Ω)
‖·‖
L2(Ω) .
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With an initial datum v0 ∈ H(Ω) and an external force f ∈ L
2(0, T ; (V (Ω))′), a weak solution to
(3.1) in [0, T ] ×Ω which arises from v0 is an element
v ∈ C0([0, T ];H(Ω)) ∩ L2(0, T ;V (Ω)),
satisfying the following properties:
A) ∂tv ∈ L
2(0, T ; (V (Ω))′).
B) 〈
∂tv(t), φ
〉
(V (Ω))′⊗V (Ω)
+
∫
Ω
∇v(t) : ∇φ =
〈
f(t), φ
〉
(V (Ω))′⊗V (Ω)
(3.2)
holds for all φ ∈ V (Ω), and for almost every t ∈ [0, T ].
C) v(0) = v0.
Standard theory in the Euclidean setting (see for instance [38, Ch. 2]) ensures the existence and
uniqueness of such a weak solution v to the Cauchy problem of (3.1) with any prescribed initial
datum v0 ∈ H(Ω) and external force f ∈ L
2(0, T ; (V (Ω))′). We would like to point out that the
heart of the matter of such an existence and uniqueness theory is an a priori estimate for the
quantity
‖v‖2L∞(0,T ;H(Ω)) + ‖v‖
2
L2(0,T ;V (Ω))
in terms of ‖v0‖L2(Ω) and ‖f‖L2(0,T ;(V (Ω))′). The derivation of such apriori estimate basically pro-
ceeds as follows. Take φ = v(t) in (3.2) to obtain
1
2
d
dt
‖v(t)‖2L2(Ω) + ‖∇v(t)‖
2
L2(Ω) =
〈
f(t), v(t)
〉
(V (Ω))′⊗V (Ω)
≤ ‖f(t)‖(V (Ω))′ ‖v(t)‖V (Ω)
= ‖f(t)‖(V (Ω))′ ‖∇v(t)‖L2(Ω)
≤
1
2
‖f(t)‖2(V (Ω))′ +
1
2
‖∇v(t)‖2L2(Ω),
(3.3)
from which it follows that
d
dt
‖v(t)‖2L2(Ω) + ‖∇v(t)‖
2
L2(Ω) ≤ ‖f(t)‖
2
(V (Ω))′ . (3.4)
So, integrating (3.4) in t immediately leads to the following a priori estimate,
‖v‖2L∞(0,T ;L2(Ω)) + ‖v‖
2
L2(0,T ;V (Ω)) ≤ ‖v0‖
2
L2(Ω) + ‖f‖
2
L2(0,T ;(V (Ω))′). (3.5)
The derivation of (3.5) by means of the Cauchy’s inequality type estimate as being done in (3.3) is
indeed the backbone that supports the classical existence and uniqueness theory for weak solutions
to the Cauchy problem (3.1). However, the key point of the estimate (3.3) is the presence of
the term ‖∇v(t)‖L2(Ω) on the left-hand side of (3.3), which enables one to absorb the extra term
1
2‖∇v(t)‖
2
L2(Ω) on the right-hand side of (3.3). Although these remarks seem trivial, they give us
some hints about what could possibly go wrong in writing the analogous linear Stokes system in
the general setting of a Riemannian manifold, with the Hodge Laplacian (−∆H) as the choice of
the elliptic operator representing viscosity effect within the Navier-Stokes flows.
To see that, suppose that we insist in working with the following version of the linear Stokes
equation on the hyperbolic space H(−a2) with constant sectional curvature −a2.{
∂tv −∆Hv + dP = f,
d∗v = 0.
(3.6)
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We take as a norm ‖v‖H1(H2(−a2)) = ‖∇v‖L2(H2(−a2)), where ∇ is the Levi-Civita connection on
H
2(−a2) (see [6, Estimate (2.2)], which guarantees this is a norm). Then, it is natural to look at
the following function spaces:
V = Λc,σ(H2(−a2))
‖·‖
H1(H2(−a2)) ,
H = Λc,σ(H2(−a2))
‖·‖
L2(H2(−a2)) ,
where Λ1c,σ(H
2(−a2)) is the space of all smooth, compactly supported, divergence free 1-forms on
H
2(−a2). However, the work of the first and the second author [7] indicates that the space
V˜ =
{
φ ∈ H1(H2(−a2)) : d∗φ = 0
}
.
is much bigger thanV. Indeed, the following orthogonal decomposition holds (this is the Helmholtz-
Weyl decomposition, or can be thought of as a part of the Hodge decomposition, on the level of
H1 instead of the usual L2)
V˜ = V⊕ F,
where F stands for the space of all L2-harmonic forms on H2(−a2), that is,
F =
{
dF ∈ L2(H2(−a2)) : ∆HF = 0
}
. (3.7)
From the above setting, we can now write down the most reasonable weak formulation for the
Cauchy problem of (3.6) as follows.
For any v0 ∈ H ⊕ F, and external force f ∈ L
2(0, T ; V˜
′
), a weak solution to (3.6) which arises
from the initial datum v0 is an element
v ∈ C0([0, T ];H ⊕ F) ∩ L2(0, T ; V˜),
which satisfies the following properties:
I) ∂tv ∈ L
2(0, T ; V˜
′
).
II) 〈
∂tv(t), φ
〉
V˜
′
⊗V˜
+
∫
H2(−a2)
g(dv(t),dφ)VolH2(−a2) =
〈
f(t), φ
〉
V˜
′
⊗V˜
, (3.8)
holds for all φ ∈ V˜, and for almost every t ∈ [0, T ].
III) v(0) = v0.
We first point out that the weak formulation (3.8) as required in Property II is the problematic
part of equation (3.6). If one repeats the same type of Young’s inequality estimate as we did in
(3.3), now with (3.2) being replaced by (3.8), one will get instead the following
1
2
d
dt
‖v(t)‖2L2(H2(−a2)) + ‖dv(t)‖
2
L2(H2(−a2)) =
〈
f(t), v(t)
〉
V˜
′
⊗V˜
≤
ǫ
2
‖∇v(t)‖2L2(H2(−a2) +
1
2ǫ
‖f(t)‖2
V˜
′ .
(3.9)
The trouble in (3.9) comes from the fact that one cannot use ‖dv(t)‖L2(H2(−a2)) to dominate the
term ǫ2‖∇v(t)‖L2(H2(−a2)), regardless of how small ǫ > 0 is. This is due to the non-equivalence
between ‖dφ‖L2(−a2) and ‖∇φ‖L2(H2(−a2)). If we choose a non-zero harmonic form φ = dF ∈
L2(H2(−a2)) with F to be a harmonic function on H2(−a2), then we will have ‖∇dF‖L2(H2(−a2)) =
a‖dF‖L2(H2(−a2)) > 0, though we know ‖ddF‖L2(H2(−a2)) = 0. These remarks indicate that any at-
tempt to derive an energy-type a priori estimate for a solution v directly from the weak formulation
(3.8) is doomed to fail.
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Remark 3.1. In the setting of the round sphere S2( 1
a
) with radius 1
a
, the derivation of energy-type
apriori estimate for a solution directly from (3.6) works well however. This is due to the equivalence
between ‖dφ‖L2(S2( 1
a
)) and ‖∇φ‖L2(S2( 1
a
)) for all φ ∈ H
1(S2( 1
a
)) with d∗φ = 0. In this setting, the
Bochner-Weitzenbock’s formula reads ∇∗∇φ = (−∆H)φ − a
2φ, from which it follows, through
integration by parts, that the following relation holds for all φ ∈ H1(S2( 1
a
)) satisfying d∗φ = 0.
‖dφ‖2
L2(S2( 1
a
))
= ‖∇φ‖2
L2(S2( 1
a
))
+ a2‖φ‖2
L2(S2( 1
a
))
≥ ‖∇φ‖2
L2(S2( 1
a
))
.
On the other hand, we have the following well known expression for d in terms of ∇
d = ηα ∧ ∇eα , (3.10)
with {e1, e2} and {η
1, η2} positively oriented orthonormal frame and dual frame on S2( 1
a
). Equiv-
alently, we can write in coordinates
du =
1
2
(∂iuj − ∂jui)dx
i ∧ dxj =
1
2
(∇iuj −∇jui)dx
i ∧ dxj since Γlij = Γ
l
ji, (3.11)
where we sum over repeated indices. Then (3.10) or (3.11) gives∥∥du∥∥
L2(H2(−a2))
≤ 2
1
2
∥∥∇u∥∥
L2(H2(−a2))
. (3.12)
This successful attempt in the spherical case should not be viewed as evidence in flavor of
the Hodge Laplacian as an admissible candidate for the viscosity operator. This is because the
naturality and correctness of a right choice of the operator representing viscosity should be equally
valid for (and hence consistent with the settings of) all possible Riemannian manifolds.
Next, we consider (3.6) on H2(−a2) from the perspective of a global energy equality. According to
standard theory of linear parabolic equations, one expects that the following global energy equality
should be derived as a consequence of the governing parabolic equation (3.6) in question.
1
2
‖v(t)‖2L2(H2(−a2)) +
∫ t
0
∫
H2(−a2)
∣∣∇v(τ)∣∣2VolH2(−a2) dτ
=
1
2
‖v(0)‖2L2(H2(−a2)) +
∫ t
0
〈
f(t), v(τ)
〉
V˜
′
⊗V˜
dτ.
(3.13)
Remark 3.2. In the setting of R2 or R3, the global energy equality in exactly the same form
as that of (3.13) (simply with H2(−a2) replaced by Rn or its bounded sub-domains with smooth
boundaries) is indeed derived directly from (3.6) (see, for instance, chapter 2 in [38]). This basic
fact is exactly what motivates us to ask for the validity of (3.13) in the setting of H2(−a2).
So, can one derive (3.13) directly from the weak formulation (3.8)? A concrete example, which
we shall give in a minute, exhausts all hope of having an affirmative reply to this request.
Let
v(t) =
4
3
t
3
4dF, (3.14)
where dF ∈ L2(H2(−a2)) with F to be a harmonic function on H2(−a2). Then, we consider the
following external forcing term.
f(t) = t
−1
4 dF.
It is evident that v ∈ C0([0, T ];H⊕F)∩L2(0, T ; V˜) and that f ∈ L2(0, T ; V˜
′
). It is equally evident
that v satisfies Properties I, II, and III, and hence is a weak solution to (3.6) which arises from the
initial datum v(0) = 0.
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Remark 3.3. For v as in (3.14), the property v ∈ C0([0, T ];H ⊕ F) is not (could not be) derived
from (3.8), though its validity is confirmed by direct inspection. However, in the standard theory
of the linear Stokes equation in the Euclidean setting one usually expects that this property of the
solution be derived as a logical consequence of (3.6). So this is another problem, which arises upon
working with (3.6).
However, a direct computation gives
1
2
‖v(t)‖2L2(H2(−a2)) =
8
9
t
3
2‖dF‖2L2(H2(−a2)) =
∫ t
0
〈
f(τ), v(t)
〉
V˜
′
⊗V˜
.
Note that v(0) = 0. So, if we insist that the global energy equality (3.13) would hold for v as given
in (3.14), this would lead to the following∫ T
0
∫
H2(−a2)
∣∣∇v(t)∣∣2VolH2(−a2) dτ = 0,
which in turns would lead to the absurd statement that v is identically zero on [0, T ] × H2(−a2).
Thus, one cannot choose the Hodge Laplacian as the viscosity operator in the general setting
of Riemannian manifold if one hopes to obtain a global energy inequality. Given that such an
inequality is one of the cornerstones of the existence theory for the Navier-Stokes equations, it
seems very likely that a successful theory of the Navier-Stokes equations on Riemannian manifolds
cannot rely on such a choice of the viscosity operator.
4. Non-relativistic limit
In this section we study the non-relativistic limit of the relativistic Navier-Stokes equations.
Although there is no agreement about the correct formulation of the Navier-Stokes equations in
the relativistic setting, it is enough for our purposes to take their simplest form in the relativistic
setting, as we shall explain below after deriving the non-relativistic limit.
The procedure is as follows. Starting with the relativistic form of the momentum equation, we
shall take the non-relativistic limit characterized by fluid velocities very small compared to the
speed of light, among other assumptions made explicit in (4.10) below. However, differently than
the usual non-relativistic limit in the general theory of relativity, where it is assumed that the metric
converges to the Minkowski metric, with the metric induced on {t = constant} hypersurfaces being,
therefore, the Euclidean one, we shall consider the situation where the metric on {t = constant}
hypersurfaces converges to an arbitrary Riemannian metric. Since our goal is solely to argue in
favor of a specific form of the equations on Riemannian manifolds, our manipulations will be purely
formal, avoiding thus a discussion of a topology with respect to which the convergences are supposed
to occur.
Remark 4.1. Our objective is to find a set of equations on a Riemannian manifold that is a
particular case of the relativistic Navier-Stokes equations when we neglect terms of the order |v|
c
,
where v is the velocity of fluid particles measured by an Eulerian observer (see below) and c the
speed of light. Whether this describes any real physical system is thus immaterial for our purposes.
Remark 4.2. As mentioned, it is enough for our goal to consider formal manipulations of the
equations, making an expansion in terms of |v|
c
, and taking the (formal) limit |v|
c
→ 0. Therefore,
we shall not distinguish between expression in |v|/c from those in derivatives of v divided by c. For
example, both vi
c
and
∂jvi
c
will be equally treated as O
(
|v|
c
)
.
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We use the following relativistic stress-energy tensor for viscous fluids [16, 46]
Tαβ = (p+ ̺)uαuβ + pgαβ − (ζ −
2
3
ϑ)παβ∇µu
µ − ϑπµαπ
ν
β(∇µuν +∇νuµ), (4.1)
where p is the pressure, ̺ the energy density, g a Lorentzian metric, u the (four-)velocity of fluid
particles, satisfying1
uαuα = −1,
παβ = gαβ + uαuβ, and ϑ, ζ are, respectively, the coefficients of shear and bulk viscosity
2.
These quantities are defined on a four-dimensional manifold M , the space-time, topologically
equivalent to R × Σ, where Σ is a three-dimensional manifold. Coordinates on M are written
{xα}3α=0. Greek indices run from 0 to 3, and Latin indices run from 1 to 3.
What follows is based on [37, Ch. 6], where the nonrelativistic limit is taken in the case when
the metric approaches the flat metric.
Now, the relativistic Navier-Stokes are given by ∇αTαβ = 0, which can be decomposed in the
directions parallel, and orthogonal to u, i.e., uβ∇αTαβ = 0 and π
γβ∇αTαβ = 0. The former
corresponds to the continuity equation and the latter to the momentum equation, which is the one
we are interested in here. Intricate computation (see [37] for details) gives
(p + ̺)uµ∇µuα + π
µ
α∇µp−∇α(ζ∇µu
µ)− uµ∇µ(ζ∇λu
λuα)− 2∇µ(ϑσ
µ
α) + 2ϑuασ
µνσµν = 0,
where
2σαβ = ∇αuβ +∇βuα + uαu
µ∇µuβ + uβu
µ∇µuα −
2
3
παβ∇µu
µ. (4.2)
We assume that the metric is written in coordinates such that
g = −(dx0)2 + gijdx
idxj , (4.3)
so that for any vector X
X0 = g0αX
α = −X0,
and spatial indices can be raised and lowered with the spatial Riemannian metric g = gijdx
idxj ,
Xi = giαX
α = gijX
j .
Note, at this point we have introduced the (four)-velocity u, but in the context of the nonrelativisitic
limit we are interested in the velocity that is actually measured by a “standing” observer. We denote
that quantity by v, and define it by3
uα = Λ(1, vi),
uα = Λ(−1, vi),
where
Λ =
1√
1− |v|2
,
and |v| is the norm of v in the metric g.
1All indices are lowered and raised with g.
2We are not including the heat exchange (usually denoted q) as in [37], since its nonrelativistic limit is not
connected to the Navier-Stokes equations, but rather to the Fourier law.
3For the definition of v when then metric does not take the form (4.3), see section 7.1 of [37]. See section III.6 of
[47] for more discussion on the physical meaning of v.
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By the non-relativistic limit we mean regimes where the speed |v| of the fluid, as measured by
an Eulerian observer, is small compared to c, the speed of light in vacuum. Some other conditions,
made explicit in (4.10), are also assumed in the non-relativistic limit. Thus, it is convenient to
rewrite the above, which was written in units such that c = 1, in units where the dependence on
c is made explicit. It is known (see for example [37, 47]) that doing so results in u and v being
related by
uα = Λ(1,
vi
c
),
uα = Λ(−1,
vi
c
),
where
Λ =
1√
1− |v|
2
c2
,
so that
uα = (1 +O
(
|v|2
c2
)
,
vi
c
+O
(
|v|3
c3
)
), (4.4)
and
uα = (−1 +O
(
|v|2
c2
)
,
vi
c
+O
(
|v|3
c3
)
). (4.5)
Similarly, through dimensional analysis we can see that when writing c explicitly, the previous
equations read
Tαβ = (p + ̺)uαuβ + pgαβ − c(ζ −
2
3
ϑ)παβ∇µu
µ − cϑπµαπ
ν
β(∇µuν +∇νuµ),
and
(p+ ̺)uµ∇µuα + π
µ
α∇µp− c∇α(ζ∇µu
µ)− cuµ∇µ(ζ∇λu
λuα)
− 2c∇µ(ϑσ
µ
α) + 2cϑuασ
µνσµν = 0.
(4.6)
We shall also make the time dependence explicit upon recalling that
x0 = ct. (4.7)
Our goal is to compute each term in (4.6) using (4.3), (4.4), (4.5), and (4.7). We begin with
π00 = O
(
|v|2
c2
)
,
π0i = −
vi
c
+O
(
|v|3
c3
)
,
and
πij = gij +O
(
|v|2
c2
)
.
We have
uµ∇µuα =
1
c
(∇tuα + v
i∇iuα) +O
(
|v|3
c3
)
.
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Setting α = 0 and α = j we find, respectively
uµ∇µu0 = O
(
|v|2
c3
)
,
and
uµ∇µuj =
1
c2
(∇tvj + v
i∇ivj) +O
(
|v|3
c3
)
.
Similarly,
∇µu
µ =
1
c
∇iv
i +O
(
|v|2
c3
)
.
so that
c∇0(ζ∇µu
µ) =
1
c
∇t(ζ∇iv
i) +O
(
|v|2
c2
)
= O
(
|v|
c
)
,
c∇j(ζ∇µu
µ) = ∇j(ζ∇iv
i) +O
(
|v|2
c2
)
,
and
cuµ∇µ(ζ∇λu
λuα) = O
(
|v|
c
)
.
From (4.2), we obtain
2σ00 = O
(
|v|2
c3
)
,
2σ0i = O
(
|v|
c2
)
,
and
2σij =
1
c
(∇ivj +∇jvi −
2
3
gij∇kv
k) +O
(
|v|2
c2
)
.
We can thus compute
2c∇µ(ϑσ
µ
0 ) = O
(
|v|
c
)
,
2c∇µ(ϑσ
µ
j ) = ∇i(ϑ(∇
ivj +∇jv
i −
2
3
gij∇kv
k)) +O
(
|v|
c
)
.
Recall that the energy density ̺, the rest mass density n, and the internal energy ǫ are related by
(see, e.g., [13])
̺ = c2n(1 +
ǫ
c2
),
so that
p+ ̺ = c2n(1 +
ǫ
c2
+
p
c2n
). (4.8)
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Thus, combining all of the above, we finally obtain
n(∇tvj + v
i∇ivj) +∇jp−∇
i
[
ϑ(∇ivj +∇jvi −
2
3
gij∇kv
k) + ζ∇kv
kgij
]
+O
(
|v|
c
)
+O
( ǫ
c2
)
+O
( p
nc2
)
= 0.
(4.9)
In the non-relativistic regime
|v|
c
≪ 1,
ǫ≪ c2,
and
p
n
≪ c2.
These conditions are interpreted as saying that the speed of fluid particles is negligible compared
to the speed of light, the energy density of the fluid is given essentially by its rest-mass density,
and that the pressure contribution to the energy density is very small. In the non-relativistic limit,
it is also assumed that g does not depend on t, i.e., gij → g
0
ij where g
0
ij is a metric on Σ. Thus,
considering
|v|
c
→ 0,
ǫ
c2
→ 0,
p
nc2
→ 0, and gij → g
0
ij , (4.10)
we arrive at
∂tvj + v
i∇ivj +
1
n
∇jp−
1
n
∇i
[
ϑ(∇ivj +∇jvi −
2
3
g0ij∇kv
k) + ζ∇kv
kg0ij
]
= 0. (4.11)
∇t → ∂t by our assumption on the non-relativistic behavior of g. We also notice that, in principle,
∇ in (4.11) is the covariant derivative of g. But by our assumption that g does not depend on t in the
non-relativistic limit, the surfaces {t = constant} are totally geodesic inside (R,−c2dt2) × (Σ, g0),
so ∇ agrees with the covariant derivative of g0 on Σ.
Notice that in the limit n is re-interpreted as the mass-density in the non-relativistic Navier-
Stokes equations (4.11). This makes sense since n is interpreted, in relativity, as the rest-mass
density measured by an observer at rest with respect with the fluid.
We are interested in the equations for an incompressible fluid, so we now set n = 1 and ∇kv
k = 0,
and assume that ϑ is constant for simplicity, obtaining,
∂vj
∂t
+ vi∇ivj +∇jp− ϑ∇
i(∇ivj +∇jvi) = 0, (4.12)
Using
∇i∇jv
i −∇j∇iv
i = Rjiv
i
and ∇iv
i = 0 once more, we get
∂vj
∂t
+ vi∇ivj +∇jp− ϑ(∇
i∇ivj +Rjiv
i) = 0. (4.13)
Denoting by ∇∗ the formal adjoint of ∇,
∇i∇ivj = −(∇
∗∇v)j . (4.14)
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(The minus sign appears because the formal adjoint on one-forms is minus the divergence, since
integration by parts gives a minus sign. We are assuming that the manifold has no boundary). By
(ω)j , we simply mean the j
th-component of the one-form ω. Recall next that from (1.1) we have
∆Hv = −∇
∗∇v − Ric(v), (4.15)
where
(Ric(v))j = Rijv
i,
and ∆H is the Hodge Laplacian. Combining (4.13), (4.14), and (4.15) finally yields
∂vj
∂t
+ vi∇ivj +∇jp− ϑ((∆Hv)j + 2Rijv
i) = 0, (4.16)
which is (N-SRiem).
We now discuss the choice of (4.1), originally introduced by Eckart [16] in 1940. The correct
formulation of relativistic viscous fluids is not known. This is a consequence of the lack of a varia-
tional formulation for the Navier-Stokes equations, which prevents us from uniquely determining a
stress-energy tensor for viscous fluids in the context of relativity4. Over the years, different propos-
als have been put forward to address this issue (see [12] for background and references). Naturally,
any suitable candidate must recover the standard, non-relativisitic Navier-Stokes equations in the
non-relativistic limit.
It has been shown that the equations of motion derived from Eckart’s stress-energy tensor (4.1)
lead to many patahologies, including a breakdown of causality [18, 19, 34]. Alternatives to (4.1)
have been proposed by Lichnerowicz [28], Choquet-Bruhat [9], and Freistu¨hler and Temple [17].
Each of these has been shown to yield a satisfactory theory of relativistic viscous fluids under
different assumptions [9, 10, 12, 17] although these results fall short of covering all situations of
physical interest, and the matter of how to correctly formulate relativistic viscous phenomena
remains largely open. However, these approaches all give (4.16) in the non-relativistic limit, as we
now explain. In passing, we notice that despite its flaws, (4.1) has been extensively used in the
construction of models of relativistic viscous fluids5.
In Lichnerowicz’s formulation, in the terms proportional to ζ or ϑ, u is replaced by C, defined
as
C =
p+ ̺
n
u. (4.17)
Notice that this definition implicitly assumes n > 0, which covers most physical applications. From
(4.8), we see that, in units where c = 1,
p+ ̺
n
→ 1 (4.18)
in the non-relativistic limit, so that Lichnerowicz’s stress-energy tensor reduces to (4.1), giving
therefore the same non-relativistic (4.16) limit as before.
To show that (4.16) also arises as the non-relativistic limit of Choquet-Bruhat and Freistu¨hler-
Temple’s proposals, one can repeat the previous calculations for their stress-energy tensors. It
suffices, however, to point out how the term
ϑ∇i(∇ivj +∇jvi) (4.19)
arises in (4.12), in that the terms
∂vj
∂t
+ vi∇ivj +∇jp
4For the connection between a variational formulation and the stress-energy tensor, see, e.g., [45].
5The list of references is quite long. See the discussion and references in [14].
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come from the part of the stress-energy tensor corresponding to the (relativistic) Euler equations
which is the same for both Choquet-Bruhat and Freistu¨hler-Temple’s proposals.
The term (4.19) is obtained from
ϑπµαπ
ν
β(∇µuν +∇νuµ) (4.20)
in (4.1). Exactly the same term (4.20) appears in the stress-energy tensor of Freistu¨hler and Temple,
leading thus to (4.19). In the case of Choquet-Bruhat’s formulation, (4.20) is replaced by
ϑ(∇αCβ +∇βCα), (4.21)
where C is given by (4.17). This again produces (4.19) in light of (4.18).
Therefore, while it is not known whether there exists a correct stress-energy tensor for relativistic
viscous fluids in general relativity, those known to the authors all lead to (4.16). It is worth
mentioning that that there exists a different approach to viscosity in relativity, the Mueller-Israel-
Stewart theory [22, 23, 24, 25, 32, 41] (which consists of a systematic application of the ideas
of relativistic extended irreversible thermodynamics [26, 33]), where viscous contributions to the
stress-energy tensor are not given in terms of u and the other thermodynamic variables, but rather
are treated as additional variable in the problem. It is not clear, however, how the Mueller-Israel-
Stewart theory can be used to investigate the problem of formulating the classical Navier-Stokes
equations on Riemannian manifolds.
We comment on a subtle point regarding the arguments of this section. As said, the standard
machinery of general relativity used to determine a stress-energy tensor cannot be applied to the
Navier-Stokes equations. One may suspect, thus, that the different proposals for a relativistic
viscous stress-energy tensor mentioned above rely on the known form of the non-relativistic stress
tensor,
σij = pδij − (ζ −
2
3
ϑ)∂kv
kδij − ϑDij
= pδij − (ζ −
2
3
ϑ)∂kv
kδij − ϑ(∂ivj + ∂jvi).
(4.22)
One sees that the terms (4.20) and (4.21) can be interpreted as relativistic generalizations of the
deformation tensor Dij appearing in (4.22). From this point of view, one could be concerned
that our conclusion that (4.16) is the correct for of the equations on manifolds contains a circular
argument: one starts with a classical formulation that makes the role of the deformation tensor
explicit, as in (4.22), generalize it to general relativity, thus obtaining a term that contains the
deformation tensor in space-time, namely, (4.20), only to recover the divergence of the deformation
tensor back in the non-relativistic limit of ∇αTαβ = 0, as in (4.19).
To elucidate this point and show that the above argument is not circular, we make two remarks.
First, it is the stress-energy tensor that should be considered a primary quantity in general relativity,
with the equations of motion ∇αTαβ = 0 being a consequence of Einstein’s equations and the
Bianchi identities. Therefore, we should not expect generalizations of the Navier-Stokes to relativity
to be carried out upon direct consideration of the equations themselves, which are written explicitly
in terms of the term −ϑ∆v, but rather from a generalization of (4.22), and hence necessarily
including the deformation tensor.
More importantly, the different stress-energy tensors considered above are not solely a naive
guess based on (4.22), but are motivated by a genuine application of the principles of relativity,
principles that cannot, naturally, be encoded in (4.22). Although, such principles do not uniquely
determine the stress-energy tensor in the absence of a variational formulation, they are sufficient to
significantly constrain its possible forms. Only then prior experience based on (4.22) may or may
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not be invoked6 in order to decide the final form of Tαβ. We refer the reader to [9, 16, 17, 28] for
how each of the aforementioned authors carried out their constructions.
5. Restriction arguments
Faced with more than one choice for the viscosity operator on Riemannina manifolds, one may
attempt to settle the question upon examination of the Euclidean case, as follows. Since all natural
choices for the viscosity operator agree in R3, we can try to obtain its correct form on manifolds
by means of analyzing the restriction of ∆v to the two-sphere S2, where v is a (divergence-free)
vector field in R3. While one could do this for any embedded submanifold and any dimension, the
case of S2 is natural in light of the well-known formula
∆ = ∂2r +
2
r
∂r +
1
r2
∆S2 (5.1)
for the Laplacian in spherical coordinates (r, ϕ, θ) acting on functions. Writing the vector fields v
and ∆v in polar coordinates and restricting to the sphere, one seeks to obtain a decomposition of
the form
(∆v)|S2 = ∆Tv
T +R, (5.2)
where ∆T is a second order operator intrinsically defined on the sphere, v
T is the projection of v
onto the tangent space of S2 (i.e., the part of v|S2 tangent to S
2), and R contains all remaining
terms. Notice that R needs not to be orthogonal to S2, and includes terms that depend on the
embedding of S2 into R3, derivatives along the radial direction, etc. We can then define the viscous
operator on S2 as ∆T, hoping that ∆T will in fact correspond to one of the possible choices of
Laplacians on the sphere acting on forms/vector fields.
Unfortunately, although the above idea seems well-motivated in light of (5.1), a closer investiga-
tion reveals it to be problematic. We shall show that it is possible to carry out the decomposition
(5.2) in two different ways that lead to two different possible choices for the operator ∆T. Con-
ceptually, this is a consequence of the fact that although the different Laplacians acting on vector
fields are equal in R3, their restriction to submanifolds will in general not agree.
We start with the Hodge Laplacian. Consider polar coordinates (r, ϕ, θ) and let
e1 = ∂r, e2 =
1
r
∂ϕ, e3 =
1
r sinϕ
∂θ,
so that a dual basis is given by
(e1)
∗ ≡ e1 = dr, (e2)
∗ ≡ e2 = r dϕ, (e3)
∗ ≡ e3 = r sinϕdθ.
One easily computes
dθ ∧ dϕ =
1
r2 sinϕ
e3 ∧ e2,
dϕ ∧ dr =
1
r
e2 ∧ e1,
dθ ∧ dr =
1
r sinϕ
e3 ∧ e1,
and, of course, Vol = e1 ∧ e2 ∧ e3.
6For instance, Eckart, after stating the relevant relativistic properties that Tαβ should satisfy, remarks that (4.1)
is “strongly indicated, if not uniquely determined.”
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Writing
v = vr dr + vϕ dϕ+ vθ dθ,
we can use the previous identities and definitions to find
∗dv = −
∂ϕvr − ∂rvϕ
r
e3 +
∂θvr − ∂rvθ
r sinϕ
e2 −
∂θvϕ − ∂ϕvθ
r2 sinϕ
e1
= (∂rvϕ − ∂ϕvr) sinϕdθ +
∂θvr − ∂rvθ
sinϕ
dϕ+
∂ϕvθ − ∂θvϕ
r2 sinϕ
dr.
Recall that
d∗ = (−1)n(p+1)+1 ∗ d∗,
where p is the degree of the form d∗ is acting on, so on two forms in R3,
d∗ = ∗d ∗ .
We assume that v is divergence-free, i.e., d∗v = 0, so that further computations using the above
formulas give
∆Hv = dd
∗v + d∗dv = d∗dv = ∗d ∗ dv
= −
1
sinϕ
[(∂2rvϕ − ∂r∂ϕvr) sinϕ+
∂2θvϕ − ∂θ∂ϕvθ
r2 sinϕ
] dϕ
+ sinϕ[
∂r∂θvr − ∂
2
rvθ
sinϕ
+
∂ϕvθ − ∂θvϕ
r2 sin2 ϕ
cosϕ−
∂2ϕvθ − ∂ϕ∂θvϕ
r2 sinϕ
] dθ
+
1
r2 sinϕ
[(∂ϕ∂rvϕ − ∂
2
ϕvr) sinϕ+ (∂rvϕ − ∂ϕvr) cosϕ+
∂θ∂rvθ − ∂
2
θvr
sinϕ
] dr.
According to the philosophy expressed in the beginning of this section, we want to keep only the
terms in dϕ and dθ that do not involve vr nor ∂r, so write
∆Hv = −
∂2θvϕ − ∂θ∂ϕvθ
r2 sin2 ϕ
dϕ+ (
∂ϕvθ − ∂θvϕ
r2 sinϕ
cosϕ−
∂2ϕvθ − ∂ϕ∂θvϕ
r2
) dθ +R,
where R contains the remaining terms. Restricting to S2 now gives
(∆Hv)|S2 = −
∂2θvϕ − ∂θ∂ϕvθ
sin2 ϕ
dϕ+ (
∂ϕvθ − ∂θvϕ
sinϕ
cosϕ− ∂2ϕvθ + ∂ϕ∂θvϕ) dθ + R|S2 .
The term
−
∂2θvϕ − ∂θ∂ϕvθ
sin2 ϕ
dϕ+ (
∂ϕvθ − ∂θvϕ
sinϕ
cosϕ− ∂2ϕvθ + ∂ϕ∂θvϕ) dθ
is the desired operator acting on vT = (vϕ, vθ). We recognize it as the Hodge Laplacian on S
2
acting on a divergence-free vector field (although (vϕ, vθ) is not necessarily divergence-free on S
2,
we return to this point at the end).
Now consider the Bochner Laplacian ∆, starting with some generalities. In an arbitrary Rie-
mannian manifold (M,g), after choosing coordinates {xα}nα=1, a standard calculation gives
(∆v)β = ∇µ∇
µvβ = ∂µ∂
µvβ − ∂µg
µλΓτλβvτ − g
µλ∂µΓ
τ
λβvτ − g
µλΓτλβ∂µvτ + Γ
µ
µσg
στ∂τvβ
− gµτΓσµβ∂τvσ − g
σλΓµµσΓ
τ
λβvτ + g
µλΓσµβΓ
τ
λσvτ .
(5.3)
Let (Σ, g) be a smooth submanifold of (M,g), with g the metric induced on Σ by g. We can pick
coordinates near Σ so that the metric has the form
g(x) = gij(x
′, xn)dxidxj + (dxn)2,
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and the forms dxi, i = 1, . . . , n − 1, form a basis for T ∗Σ. Above, and for the rest of this section,
Latin indices run from 1 to n − 1, and x = (x1, . . . , xn−1, xn) ≡ (x′, xn). We can also assume
without loss of generality that the metric induced on Σ has components given by gij(x
′, 0), i.e.,
gij(x
′) = gij(x
′, 0). (5.4)
In this situation we have that the direction of v tangent to Σ is
vT = vi dx
i on Σ.
One can compute the Bochner-Laplacian ∆ of vT with respect to g, obtaining the same as in (5.3),
except that β is now replaced by j, g by g, and the Christoffel symbols are those of the metric g.
But in light of (5.4), the Christoffel symbols Γkij of g on Σ agree with those of g, and ∇ + Π = ∇
on Σ, where ∇ is the Levi-Civita connection of g and Π the second fundamental form. From these
considerations, we see that if we set β = j and group the terms on the right-hand side of (5.3) as a
sum of those containing only Latin indices plus terms that contain at least one index n, we obtain
∇µ∇
µvj = ∇i∇
i
vj + Γj,
where Γj contains all terms on the right-hand side of (5.3) (with β = j) with at least one index n.
We therefore conclude that
(∆v)|Σ = ∆v
T + P,
where the tensor P is determined by the intrinsic geometry of Σ or vT, depending on the embedding
of Σ into M and the values of u on the normal bundle of Σ in TM .
Applying the above to the case Σ = S2 and M = R3, we obtain a decomposition of the form
(5.2) where ∆T is the Bochner Laplacian on the sphere. However, we showed above that it is also
possible to obtain a second decomposition, also of the form (5.2), where ∆T is the Hodge Laplacian
of S2 (as mentioned, this is simply reminding us that while two different Laplacians might agree
on an ambient space, their restrictions to submanifolds need not to).
In the absence of an argument stating that one of the two Laplacians, Hodge or Bochner, is
preferred at a conceptual level in the formulation of the Navier-Stokes equations in R3 (even if they
agree at the level of computations), both restriction-procedures described above are equally valid.
Therefore, given that the Hodge and Bocher Laplacians in general do not agree on manifolds (recall
(4.15)), we are led to two equally good choices for the viscosity operator on S2. The conclusion we
draw from this is that an attempt to consider (5.2) is simply not a good way to tackle the question
of what the correct form of the Navier-Stokes on manifolds is.
We now return to a point previously alluded to. In general, a divergence-free vector field in R3
will not restrict to a divergence-free vector field in S2,
divR3 v = 0 6=⇒ divS2(v|S2) = 0. (5.5)
It is true that the main issue is the correct form of the viscosity term, but one would not be blamed
for thinking that (5.5) suggests at least a red flag to the whole idea of restriction, since ultimately
we want the full set of the Navier-Stokes equations on a manifold. It is also true that (5.5) is also
the case even when we consider the Euler equations, whose correct form on manifold, and on S2
in particular, is not an issue. But the point is exactly that the Euler equations on manifolds are
not obtained by some type of restriction argument as just discussed, but rather via the variational
formulation of the equations on manifolds.
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